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Introduction

• The signiﬁcance of air-water gas exchange on
ecosystem and climate-related processes (e.g. CO2
exchange with open water surfaces) is not in dispute.
Likewise for gas exchange between a turbulent
atmosphere and a rough surface (e.g. evaporation
from soil to atmosphere, nitrous oxide emissions,..).

• However, the mechanisms describing the eﬃciency of
gas transport by turbulence at such interfaces
remains multifaceted and subject to active research.

Introduction
There is a ‘renaissance’ in mass transfer studies
across interfaces because of rapid advancements in
measurements (e.g. remote sensing using high
resolution IR cameras1,2, fiber optic cables3, stable
isotopic techniques4), and simulations (LES and
DNS5):
Examples:
1Bare soil evaporation: Haghighi, E., and D. Or (2013, 2015).
2Air-sea exchange of CO and sparingly soluble gases: Garbe et al. (2004).
2
3Crop evapotranspiration by Bowen ratio: Euser et al. (2014).
4Sediment-water interface: Merlivat, L., and M. Coantic (1975).
5Ocean-atmosphere gas exchange: Fredriksson et al. (2016).

Introduction
• Instead of dealing with fluxes and concentration
differences, it is preferable to deal with ‘gas
transfer velocity’ when quantifying turbulent
transport efficiency.
• Flux: 𝐹 = 𝑘 ∆𝐶; ∆𝐶 = 𝐶𝑠 − 𝐶𝑏
𝐹
𝑘=
.
∆𝐶
• The eﬃciency of gas transport by turbulence at
such interfaces must account for eddies.

Review of k-Formulations
• Common 𝑘 formulations that account for turbulent
eddies are based on surface renewal schemes subject
to assumptions about contact durations at the
interface.
• For an air-water interface, the water-side gas transfer
velocity(Lamont and Scott, 1970)
𝑘 = 𝛼 𝑆𝑐 −𝑛 (𝜖𝝂)1/4
• For gas transfer from rough surfaces into a turbulent
atmosphere (Brutsaert, 1965)
𝑘 = 𝐴 𝐷𝑚 𝑢∗ 𝟑/𝟒 𝜅𝑣 𝝂 𝑧𝑜 −𝟏/𝟒

Objective
• Show that these formulations inherit their
universal character from Kolmogorov’s 1941
inertial subrange scaling adjusted by viscous
cutoff.
The proposed derivation explains why
• (i) gas transfer models are insensitive to renewal
time distributions, and
• (ii) the similarity constants (𝛼 or 𝐴 ) are
independent from the specifics of the interfacial
system.

Definitions and review of
air-water gas transfer theories
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Gas Transfer Velocity at an Air-Water Interface
Transfer
Velocity
• Flux: 𝐹 = 𝑘 ∆𝐶;
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• Concentration Difference:
∆𝐶 = 𝐶𝑠 − 𝐶𝑏 ;

C
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• 𝐶𝑠 surface concentration determined
from gas phase measurements and
Henry’s Law (or the Ostwald solubility
coefficient).

Water
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Gas transfer velocity models:
What is done in practice
• Early formulations for 𝑘 - still in use in climate
models - are based on mean velocity 𝑈.
Based on Cole and Caraco’s (1998) review:

𝑘 = 𝑎 + 𝑏𝑈 𝑐
• 𝑎: 0 – 2.07
• 𝑏: 0.2 - 0.75
• 𝑐: 1-2

Mean wind speed at
a reference height
(often 10 m)

Global maps of k for inland water
• From Raymond et al. (2013) – based on
𝑘 = 𝑎 + 𝑏𝑈 𝑐

Formulation of gas transfer velocity
at air-water interface
• A detailed formulation for 𝑘 is based on
surface renewal/micro-eddy theory (Lamont
and Scott, 1970) .
• 𝑘 = 𝛼 𝑆𝑐 −𝑛 (𝜖𝝂)1/4 ;
𝛼 = 0.4 (but 0.2-0.6 reported range)
𝑆𝑐 = Molecular Schmidt Number = 𝜈/𝐷𝑚 (>>1 for water)
𝝂 = Kinematic viscosity of water, 𝐷𝑚 = molecular diffusion of C
𝜖 = Water−side mean turbulent kinetic energy (TKE) dissipation
rate
𝑛 = 1/2 (but 2/3 is for smooth wall).

The meaning of

1/4
(𝜖𝝂)

Kolmogorov scales for small eddies
𝜈3

1/4

𝜂=
is the Kolmogorov length scale, smallest
𝜖
scale of turbulence where turbulent kinetic energy is
dissipated by the action of viscosity.
𝜏𝑘 =

(𝜖𝝂)1/4

𝜈
𝜖
=

is the Kolmogorov time scale
is the Kolmogorov velocity scale

Microscale Reynolds number:
𝑅𝑒𝐾 = [𝜂 (𝜖𝝂)1/4 ]/𝝂 = 1.

Photo: John Collier - Copied from johnbyrne.fireflyinternet.co.uk.
Cropped photo of a painting of Osborne Reynolds painted in 1904 by John Collier.

Experiments

𝑘 = 0.42 𝑆𝑐 −1/2 (𝜖𝝂)1/4

From Wang et al. (2015)

Summary from
Zappa et al. (2007)

Review of gas transfer theories from rough
surfaces into a turbulent atmosphere
Image from https://ohiocountrylife.files.wordpress.com/2015/03/bare-soil.jpg

Brutsaert assumed exponentially
distributed contact times 𝝉.
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Brutsaert (1965)
A simplified view of Brutsaert’s renewal model:
• Evaporation at any time t is:
𝜕𝐶 𝑡
∆𝐶
𝐸 𝑡 = −𝐷𝑚
ቤ
≈ 𝐷𝑚
𝜕𝑧 𝑧=0
𝛿 𝜏

~ 𝐷𝑚

∆C =(Cs-Cb) assumed time independent.
𝐸(𝑡)
𝐷𝑚
=𝑘 𝜏 ~
;𝜏 > 0
∆𝐶
𝜏

∆𝐶
𝐷𝑚 𝜏

Pdf of contact
Durations+

Brutsaert (1965)
𝜏>0

𝑎=

∞
𝑬
𝐷𝑚
−𝑎𝜏
= 𝑘 = − න 𝑎𝑒
𝑑𝜏
∆𝐶
𝜏
0

𝐴
𝜈
𝜖

mean contact duration ∝ Kolmogorov time scale
𝑘=

𝜈 −1/4
𝐴𝜋𝐷𝑚
𝜖

𝜖 = 𝑢∗

2

= 𝐴𝜋𝑆𝑐 −1/2 𝜖𝜈

𝑑𝑈
𝑢∗
2
= 𝑢∗
𝑑𝑧
𝜅𝑣 𝑧𝑜

𝑬=
+Result not sensitive
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Turbulent kinetic energy
budget at 𝑧𝑜 - Dissipation =
mechanical production

𝐴𝜋𝐷𝑚 𝑢∗ 𝟑/𝟒 𝜅𝑣 𝜈 𝑧𝑜

−𝟏/𝟒

∆𝐶

to assumed exponential pdf of 𝜏 (Katul and Liu, 2017a)

Brutsaert (1965)
• 𝐴𝑣𝑒𝑟𝑎𝑔𝑒 𝛿 =

∞
− 0 𝑎𝑒 −𝑎𝜏

• Recall that 𝑎 =

𝐴
𝜈
𝜖

;𝛿 =

𝐷𝑚 𝜏𝑑𝜏 =
1
2

1
2

𝜋𝐷𝑚
.
𝑎

𝜋𝜈
.
𝑎 𝑆𝑐

• 𝛿 ~ 𝑆𝑐 −1/2 𝜂. Hence, the most efficient eddy size
appears to be the Batchelor length scale
(irrespective of the Schmidt number).

Proposed Formulation:
A Structure Function Perspective
z
C
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How to model
velocity differences?

𝐷𝑤𝑤 𝑟 = 𝑤 𝑥 + 𝑟 − 𝑤 𝑥

2

K41 Theory

w(x)

𝑟

w(x+𝒓)

x

Cs

𝐸 = 𝑘 ∆𝐶
∆𝐶 = 𝐶𝑠 − 𝐶𝑏

𝑆(𝑘) = (𝐶𝑜,𝑘 𝝐𝟐/𝟑 ) 𝑘 −5/3

𝐷𝑤𝑤 𝑟 = 𝐶𝑜 𝝐𝟐/𝟑 𝑟 2/3
𝑑𝐷𝑤𝑤 𝑟
𝑘𝑆 𝑘
~ 𝑟
𝑑𝑟
In Spectral Space:
Energy Content
at scale k-1

In Physical Space:
Energy Content
at scale r

THEORY: A Structure Function Perspective
Image: http://www.russia-ic.com/education_science/gems/817/1345938588000#.WcI9aNEpBPY

Transfer Velocity:

𝑘≈

𝑤 𝑥+𝑟 −𝑤 𝑥

Assumption 1:

𝑘=

2

=

𝐷𝑤𝑤 𝑟

𝐶𝑜 𝝐𝟐/𝟑 𝑟 2/3 K41 scaling for
𝑫𝒘𝒘 𝒓

Assumption 2: 𝑟~𝑆𝑐 −1/2 𝜂 (Hondzo, 1998)
For many gases in the atmosphere - 𝑺𝒄 ≈ 𝟏

𝑟~ 𝜼; where 𝜂 =

𝜈3
𝜖

1/4

Kolmogorov
microscale

Model for Gas Transfer Velocity
𝑬
=𝑘≈
∆𝐶

1/4

𝐶𝑜 (𝜖𝝂)

Brutsaert’s estimate of 𝝐

𝑭𝒐𝒓 𝑺𝒄 ≈ 𝟏

Kolmogorov
Velocity
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𝑧𝑜

𝑢∗
𝜅𝑣 𝑧𝑜

𝜖

This is the definition of a rough surface

𝛿 ≈ 𝜂 𝑆𝑐 −1/2 ≪ 𝑧𝑜
Evaporation Rate 𝐸

Structure function model for
air-water gas exchange
From Wanninkhof et al. (2009)

𝑺𝒄 ≫ 𝟏
Water
molecules
are tightly
packed
compared to air
molecules,
where Sc is
near unity.
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Shape of vertical velocity
Structure function can be
predicted from the
Karman-Howarth equation

A Structure Function Perspective
A solution to approximated KH equation (Katul et al., 2015):
Viscous
𝐷𝑤𝑤 (𝑟)
1
= 1 − 𝐷𝑎𝑤𝐹 𝜉 ; corrections
2/3
𝜉
𝐶𝑜 𝝐𝑟
to K41

scaling

𝜉 = 𝜃 𝑟/𝜂
𝐷𝑎𝑤𝐹 𝜉 ≈ 𝜉 −
function.

2 3
𝜉
3

2/3

;𝜃=

1
.
10𝐶𝑜

+ ⋯ is the Dawson

Recovery of 𝛼 value
• Insert into structure function leads to:

𝑘=

2
15

Here, 𝛼 =

𝑆𝑐 −1/2 (𝜖𝝂)1/4 .
2
15

= 0.36

Recall Zappa et al. (2007): 𝛼 = 0.41

This completes the sought-after result and the study
objective. A final independent check – recovery of surface
divergence theories.

Recovery of Surface Divergence Methods
From Banerjee et al. (2004):

DNS & Measurements

Surface divergence term

0.57- 0.71

𝜕𝑤 2
.
𝜕𝑧

𝑘 = 𝑐𝑠 𝑆𝑐 −1/2 𝝂Λ𝑜 ; Λ𝑜 =
Start with 𝑘 =

2
15

𝑆𝑐 −1/2 (𝜖𝝂)1/4 (i.e. Structure function)

Recall that 𝜖 = 15𝜈

𝑘=

𝜕𝑤 2
(in
𝜕𝑧

2
151/4

locally isotropic turbulence)

= 0.71

𝑆𝑐 −1/2 (𝝂Λ𝑜 )1/2 .

• 𝑘=

Conclusion
𝐹
∆𝐶

(analogous to a macroscopic resistance law).
1/2

• 𝑘 = 𝑤 𝑥+𝑟 −𝑤 𝑥
- structure function describes
cumulative energy content at scale r (e.g. analogous to
micro-state energy content). Most effective eddy size r
contributing to 𝑘 is linked to the Kolmogorov microscale (or
Batchelor scale).
2

The equality of these two expressions may be viewed as
analogous to a ‘fluctuation-dissipation’ result for gas transfer
velocity across interfaces.

Thank you
All models are wrong, but some are useful (George Box).
From https://en.wikiquote.org/wiki/George_E._P._Box
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EXTRA SLIDES FOR QUESTIONS

Schmidt Number Effect
𝑘 = 𝛼 𝑆𝑐 −𝒏 (𝜖𝝂)1/4

= -n

From: Takagaki et al. 2016

Evaporation derived from an interfacial theory
and surface renewal (Brutsaert, 1965)
Similarity
constant

Friction
velocity

Concentration
difference between
surface and bulk
air aloft.

Molecular
Viscosity

𝑬 = 𝐴 𝐷𝑚 𝑢∗ 𝟑/𝟒 𝜅𝑣 𝜈 𝑧𝑜
von Karman
constant

Molecular
diffusivity

−𝟏/𝟒

Momentum
roughness
length

∆𝐶

Add Viscous Cutoff Correction to K41
Cross-over from inertial
to viscous ranges

Basic result
𝑘 ~(𝜖𝝂)1/4

Unaltered. Only the
constant A needs
adjustment.
(see Katul and Liu, 2017a)

K41

THEORY: A Structure Function Perspective
ONLY Kolmogorov Scaling: 𝑘 =

𝐶𝑜 𝝐𝟐/𝟑 𝑟 2/3 ;
𝜈3
𝜖

𝑟 = Batchelor Scale 𝒍𝑩 = Sc-1/2 𝜼; where 𝜂 =
𝑘=

𝐶𝑜 𝑆𝑐 −1/6 𝝂𝝐

𝐍𝐨𝐭𝐞𝐬:
(𝜖𝝂)1/4 = Kolmogorov velocity
K41 scaling leads to correct
𝝂𝜖 1/4 but wrong Schmidt
number exponent
(see Katul and Liu, 2017b).

1/4

.

1/4

lB

𝜼

K41

Viscous
Corrections

Inertial-to-Viscous Crossover
• Model reproduces the ‘spectral bottleneck’
when physical space is converted to spectral
space
From Katul et al., 2015

Typical profiles of mean concentration
• The shape of the mean
concentration profile over
time scales much longer
than turbulent mixing are
‘preserved’.
This suggests that
∆𝐶 = 𝐶𝑠 − 𝐶𝑏 is a
reasonable descriptor of
the driving force for mass
movement.

From Cole and Caroco (1998)

